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Abstract
We study dual geometries to a deformed ABJM model with spatially dependent source
functions at finite temperature. These source functions are proportional to the mass function
m(x) = m0 sin kx and its derivative m
′(x). As dual geometries, we find hairy black branes
and AdS solitons corresponding to deconfinement phase and confining phase of the dual
field theory, respectively. It turns out that the hairy AdS solitons has lower free energy
than the black branes when the Hawking temperature is smaller than the confining scale.
Therefore the dual system undergoes the first order phase transition. Even though our study
is limited to the so-called Q-lattice ansatz, the solution space contains a set of solutions dual
to a supersymmetric mass deformation. As a physical quantity to probe the confining phase,
we investigate the holographic entanglement entropy and discuss its behavior in terms of
modulation effect.
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1 Introduction
The N = 8 SO(8) gauged supergravity in 4-dimensions [1] can be obtained by the consistent
KK truncation of 11-dimensional supergravity on S7. The resulting theory can be truncated
further to N = 4 SO(4) gauged supergravity [2]. Our starting action is the bosonic sector
of this N = 4 theory coupled to a single chiral multiplet with vanishing gauge fields1, which
can also be the bosonic sector of the N = 1 supergravity theory in 4-dimensions. For this
reason, any solution of the action in this paper belongs to SO(4)×SO(4) invariant sector of
the N = 8 gauged supergravity theory and can be a uplifted solution with SO(4)×SO(4)
isometry in the 11-dimensional supergravity [5].
The isometry SO(4)×SO(4) in the 11-dimensional supergravity can be extended to the
case of SO(4)/Zq × SO(4)/Zq, which corresponds to the N = 6 Uq(N) × U−q(N) ABJM
theory [6] at the Chern-Simons level q. This ABJM theory also admits a supersymmetry
preserving deformation with constant mass (mABJM) [7,8]. The gravity dual of the mABJM
theory is known as the LLM geometries [9] with Zq orbifold. The duality of LLM/mABJM
using the holographic renormalization method was investigated in [10,11].
The supersymmetric Q-lattice (Susy Q) solution preserving 1/4 supersymmetry was
studied in [12]. This geometry is regarded as the gravity dual of an N = 3 inhomogeneously
mass-formed ABJM (ImABJM) model [14, 15] with a certain periodic mass function at
the zero temperature (T = 0).2 Various aspects of the ImABJM models including lower
supersymmetric models and vacuum solutions for periodic mass function were investigated
in [15]. One of interesting properties of the Susy Q solution is the fact that the solution
describes the boomerang RG flow from the AdS geometry in the UV to the same AdS
geometry in the IR [16–18]. On the other hand, since the mass function is originated
from the 4-form field strength with the dependence of a worldvolum coordinate of M2-
branes [14] and the Susy Q solution has a special form of the mass function, one may take
an arbitrary function as the mass function extending the Susy Q solution. There are other
dual solutions [13, 19–21] to the ImABJM models, which are not included in the Susy Q
solution.
However, no work has been done about the ImABJM models in the finite temperature
(T > 0) so far. Therefore we focus on the gravity dual to a finite temperature ImABJM
model with a special choice of mass function in this work. A gravity dual to a finite
temperature system may be given by a black brane. Thus it is very natural to find a
1This action can also be obtained as a truncation of the N = 2 STU gauged supergravity theory [3, 4].
2 The dual geometries of the ImABJM models also have the same isometry with those of the mABJM
models, except for the worldvolume direction of M2-branes.
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black brane solution admitted by the action (2) studied in [12, 13]. The action in question
contains a complex scalar field dual to the conformal dimension 1 and 2 operators in the
ABJM theory. The sources corresponding to these operators are proportional to the mass
function m(x) and its derivative m′(x), which appear in the ImABJM models [14]. In this
paper, we consider a sinusoidal form of the mass function. So the scalar field and the metric
can be taken as the Q-lattice type ansatz (3), which has been used to study momentum
relaxation in the context of the AdS/CMT, e.g. [22–25]. We provide the numerical solutions
of the black branes and the boundary quantities based on the numerical solutions using
holographic renormalization. The detailed study on the thermodynamics of these Q-lattice
black branes will be reported soon [26].
On the other hand, there is another kind of solutions competing with these black branes.
The action (2) also admits a horizon-less configuration (11) that is obtained by a double Wick
rotation from the black brane geometry. When the scalar field vanishes, the background
geometry is known as the AdS soliton [27–29]. This background has a tip accompanied by
a circle as a regular geometry. The period of the circle describes the confining scale since
the AdS soliton is regarded as a dual geometry of the confining phase. Then, turning on the
spatially dependent mass function, the dual geometry becomes a solitonic geometry with
a scalar hair. Like the hairless case, this geometry is also obtained by the double Wick
rotation from the Q-lattice black brane solution. So we call this solitonic geometry “AdS
Q-soliton” from now on. It turns out that this AdS Q-soliton dominates the system in the
low temperature. We confirm this fact by comparing the free energy which is equivalent to
the gravity on-shell action. Therefore, the gravity system (2) admits the hairy black brane
and the AdS Q-soliton, which are preferable in high temperature and low temperature,
respectively. The phase boundary only depends on temperature.
Correspondingly, the AdS Q-soliton is more important in low temperature and it implies
that there is a confining phase governing the low temperature physics. One of physical
quantities which can probe confinement is known as the holographic entanglement entropy
(HEE) [28, 30]. This quantity distinguishes the phases by the entanglement entropy curve
under varying the size of entangling region. The curve of the confining phase has a charac-
teristic length lcrit which could be of importance to understand the confinement. It is also
interesting to note that our solutions cover a more general class than that of the supersym-
metric deformation corresponding to the ImABJM model with the sinusoidal mass function.
We pick the solution set dual to the ImABJM model in the entire solution space and study
the modulation effect for lcrit in the selected AdS Q-soliton backgrounds. This analysis
shows that the modulation reduces the characteristic length and enhances the confinement.
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This paper is organized as follows. In section 2, we introduce the gravity model and
provide the numerical solutions with evaluating various physical quantities. In section 3, we
construct the phase diagram of the gravity model and find the set of solutions corresponding
to the ImABJM model with m(x) = m0 sin kx. In section 4, we study the HEE in AdS Q-
solitons using a numerical method and we find modulation effect of the characteristic length
lcrit. In section 5 we conclude by discussion and future directions.
2 Q-lattice Black Brane and AdS Q-Soliton
In this section, we find gravity solutions which are dual to a deformed ABJM theory with
spatially dependent source functions JX (x) and JY(x), where x is one of spatial coordinates.
Corresponding operators OX (x) and OY(x) also depend on the coordinate x. When we
consider a particular case with
{JX ,JY} = {m′(x),m(x)}
and
{OX ,OY} =
{
MBA tr
(
Y AY †B
)
, MBA tr
(
ψ†AψB +
8pi
q
Y CY †[CY
AY †B]
)}
, (1)
the deformations preserve N = 3 supersymmetry3 [14,15] and various dual geometries have
been studied in [12,13]. Here q denotes the Chern-Simons level and other fields are defined in
the ABJM theory. See [15] for details. In this work we study gravity dual to the deformation
in a finite temperature including non-supersymmetic deformations.
We start with the bosonic part of the supergravity action [12] corresponding to (1):
SB = 1
16piG
∫
d4x
√−g(R− 2
(1− |z|2)2∂Mz ∂
M z¯ +
1
L2
2(3− |z|2)
1− |z|2
)
, (2)
where the complex scalar field z = X + iY is dual to OX and OY . For black branes, we take
into account the following ansatz:
ds2 = −U(r)
L2
e2W0(r)dt2 +
r2
L2
e2W1(r)dx2 +
r2
L2
dy2 +
L2dr2
U(r)
,
z(r, x) = R(r)eikx . (3)
This configuration is called Q-lattice which is useful to see the modulation effect in holo-
graphic study [22]. Taking this ansatz, the sources and the vacuum expectation val-
ues(VEVs) of the oprators in (1) become trigonometric functions of x.
3There is one more operator to complete supersymmetry transformation but the operator doesn’t affect
the dual geometry. See [12].
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Figure 1: Numetrical solutions for a Q-lattice Black brane and a AdS Q-soliton
with k˜ = 0.6336, ρ(1) = 0.4000 and w0(1) = w1(1) = 10
−4
The equations of motion are given by second order differential equations for W1(r) and
R(r) and first order differential equations for U(r) and W0(r). Furthermore we take the
following scaling:
r = rhr˜ , U(r) = r
2
hu(r˜) , R(r) = ρ(r˜) ,
W0(r) = w0(r˜) , W1(r) = w1(r˜) , k =
rh
L2
k˜ , (4)
where rh is the location of the horizon. Then the regularity conditions at the horizon is
given as follows:
u(1) = 0 ,
ρ′(1) = −
ρ(1)e−2w1(1)
(
k˜2 (ρ(1)2 + 1) + 2 (ρ(1)2 − 1) e2w1(1)
)
ρ(1)2 − 3 ,
w′1(1) = −
2k˜2ρ(1)2e−2w1(1)
ρ(1)4 − 4ρ(1)2 + 3 . (5)
Therefore, a hairy black brane solution is parametrized by rh, ρ(1), w0(1), w1(1) and k˜.
However w0(1) and w1(1) do not play any crucial role in this system. A choice of these values
changes w0(∞) and w1(∞) which are compensated by a trivial coordinate transformation:
t→ eW0(∞)t , x→ eW1(∞)x , k → e−W1(∞)k. (6)
Thus w0(1) and w1(1) can be fixed by suitable values and the relevant parameters of the
black brane are rh, ρ(1) and k˜. We plot a numerical solution in Figure 1. For k = 0 case,
the numerical solution is reduced to that in [31].
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The temperature and entropy density of the black branes are given by
T =
U ′(rh)
4piL2
eW0(rh)−W0(∞) =
rh
4piL2
u′(1)ew0(1)−w0(∞) =
rh
4piL2
ew0(1)−w0(∞)
3− ρ(1)2
1− ρ(1)2 , (7)
s =
r2h
4GL2
eW1(rh)−W1(∞) =
r2h
4GL2
ew1(1)−w1(∞) . (8)
On the other hand, we need holographic renormalization [32–34] to evaluate various physical
quantities in the dual field theory. See [12, 35] for closer applications to this work. Such
quantities are determined by the asymptotic behavior of the fields. One can find the asymp-
totic behavior by solving the equations of motion in the large r expansion. The asymptotic
expansion of the fields is given by
u(r˜) ∼ r˜2 + ρ˜21 −
m˜
r˜
+
2ρ˜22
r˜2
+
8k˜2ρ˜1ρ˜2e
−2w˜1,0 − m˜ρ˜21
6r˜3
,
w0(r˜) ∼ w˜0,0 − ρ˜
2
1
2r˜2
+
−4
3
ρ˜1ρ˜2 − w˜1,3
r˜3
+
ρ˜41
4
− ρ˜22
r˜4
+ · · · ,
w1(r˜) ∼ w˜1,0 + w˜1,3
r˜3
− k˜
2ρ˜21e
−2w˜1,0
2r˜4
+ · · · ,
ρ(r˜) ∼ ρ˜1
r˜
+
ρ˜2
r˜2
+
ρ˜1
(
k˜2e−2w˜1,0 − ρ˜21
)
2r˜3
+ · · · . (9)
Also, one can easily see that the ansatz and this asymptotic behavior admit the usual
Schwarzschild black brane solution when the scalar field vanishes:
U(r) = r2 − m
r
, W1(r) = W2(r) = 0 , R(r) = 0 . (10)
Now, one may consider a horizon-less solution of (2). Such a solution is nothing but a
hairy AdS Soliton solution whose metric is obtained by a double Wick rotation from the
black brane metric. The form of metric and scalar field is given by
ds2 =
U(r)
L2
e2W0(r)dχ2 +
r2
L2
e2W1(r)dx2 − r
2
L2
dt2 +
L2dr2
U(r)
,
z(r) = R(r)eikx , (11)
where χ is a periodic coordinate. The period of the circle is taken as
χp =
4piL2
U ′(r0)
e−(W0(r0)−W0(∞)) , (12)
to make the geometry regular at the tip location, r = r0. Here we take the boundary metric
as ηµν = diag(−1, 1, 1). The equations of motion for this hairy AdS Soliton also admit the
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same scaling of (4) with r0 replacing rh. Taking into account this scaling, the equations of
motion for u, w0, w1 and ρ become the same expressions as those of the black brane. Thus
our numerical solution can be identified with the black brane as well as the AdS Soliton
with the complex scalar hair. Of course, the asymptotic expansion (9) is also valid for the
hairy AdS Soliton by changing r˜ = r/r0. Since the AdS Soliton geometry usually describes
a confining phase, one important quantity is the confining scale given by the inverse period
of the χ-circle:
Λ0 =
r0
4piL2
ew0(1)−w0(∞)
3− ρ(1)2
1− ρ(1)2 . (13)
This is the same expression as the temperature (7) after replacing rh by r0. As we mentioned
in the introduction, we call this solution AdS Q-soliton.
3 Phase Diagram
In this section we study the phase diagram which consists of the Q-lattice black brane
phase and the AdS Q-soliton phase by comparing the free energy. They correspond to
the deconfinement phase and the confining phase, respectively. As a physical quantity
distinguishing two phases, we will investigate entanglement the entropy for the confining
phase in the next section.
In order to compare two phases, firstly we need to identify physical parameters of the
phase space in terms of numerical quantities. We hope that the gravity solutions in the
previous section can be dual to the ImABJM theory with a mass function m(x) = m0 sin kx.
Therefore desirable physical parameters4 of the system are m0, k and the confining scale Λ0
or the temperature T . To identify m0 using quantities from the geometry, we may consider
Ward identities. In this system we have two Ward identity as follows:
∂µ 〈T µν〉 = 〈OX 〉 ∂µJX + 〈OY〉 ∂µJY (14)
〈T µµ〉 = (3−∆X ) 〈OX 〉 JX + (3−∆Y) 〈OY〉 JY . (15)
From the VEVs given by the holographic renormalization in Appendix A, one can easily
check that the Q-lattice black brane and the AdS Q-soliton satisfy the above Ward identities
by choosing sources as follows:
JX = −
ρ˜2r
2
h,0
L4
cos kx = jX cos kx , JY = ρ˜1rh,0
L2
sin kx = jY sin kx , (16)
4Here all the physical quantities are normalized with the boundary metric ηµν .
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where the subscripts h and 0 stand for the location of the horizon in the black brane
geometry and the location of tip in the AdS soliton geometry, respectively. These sources
can be related to the mass function of the dual field theory.
Now let us fix m0 in terms of geometric parameters as follows
5:
m0 = jY =
ρ˜1r0
L2
=
ρ˜1rh
L2
. (17)
Then the other source jX can be written as:
m0k η = jX = − ρ˜2r
2
0
L4
= − ρ˜2r
2
h
L4
, (18)
where η can be read off from numerical solutions. In general η is not equal to 1. The case,
η = 1, corresponds to the supersymmetric deformation (1). Thus the numerical solutions we
obtained cover not only the supersymmetrically deformed case but also non-supersymmetric
deformations. Another physical parameter specifying the dual system is the modulation
number k that is related to the dimensionless modulation k˜ as follows:
k = e−w1(∞)
rh
L2
k˜ = e−w1(∞)
r0
L2
k˜ . (19)
In summary the physical parameters specifying the system are k, m0 and T or Λ0. These
parameters are given by k˜, ρ(1), w0(1), w1(1) and rh or r0. Since w0(1) and w1(1) do not
change the geometry meaningfully as we discussed earlier, one can always take certain values
for w0(1) and w1(1). Therefore the relevant physical parameters for this system are k˜ and
ρ(1) or ρ˜1 including rh or r0. Furthermore, rh and r0 are not physical parameters in the
dual field theory. Rather, the temperature (7) and the confining scale (13) of the system
are physically relevant parameters. So the deconfinement phase (Q-lattice Black brane)
and the confining phase (AdS Q-Soliton) are parametrized by (T , m0, k) and (Λ0, m0, k),
respectively.
Let us clarify how the numerical parameter space is related to the physical parameter
space. In order to compare the free energies of those two solutions, we start with a useful
quantity defined by:
c1 ≡ k
m0
= e−w1(∞)
k˜
ρ˜1
. (20)
This parameter is independent of r0 and rh. We show the solution lines with several c1’s in
Figure 2. Each point in Figure 2 (a) corresponds to a AdS Q-Soliton and a Q-lattice black
5There is a freedom to identify a source in terms of the asymptotic value of the scalar field. This freedom
can not be determined by the Ward identities or other physical relations. Thus one can fix one source in
terms the geometric data using this freedom.
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Figure 2: : The numerical parameter space and the physical parameter space:
The figure (a) shows solution lines with c1 =0.8(red), 1(black) and 1.2(Orange) in terms of
numerical shooting parameters. The corresponding solution lines in the physical parameter
space are shown in figure (b).
brane. For a given Λ0, AdS Solitons corresponding to A, B and C map to A
′, B′ and C′.
For given T = Λ0, so do black branes corresponding to A, B and C.
On the other hand, the black branes corresponding to A, B and C could map to B′. In
this assignment, A, B and C have different temperatures. Specifically, the A black brane
has T = 4/3 Λ0 and the C black brane has T = 4/5 Λ0 while the B black brane has still the
same temperature (T = Λ0). Thus the left points and the right points of B along the black
line in Figure 2 (a) describe the higher temperature black branes and the lower temperature
black branes with the same m0 and k, respectively. Using this mapping, one can compare
the free energies of temperature-varying black branes at a point in the (k,m0) space to the
free energy of the AdS Q-soliton at the same point in the (k,m0) space.
By gauge/gravity duality, the free energy is given by the Euclidean on-shell action pre-
sented in (55). It turns out that AdS Q-solitons are preferable at low temperature, while
Q-lattice black branes are dominant at high temperature. Therefore the dual field theory
undergoes a confinement-deconfinement phase transition at T = Λ0. In the bulk physics,
this transition is nothing but the Hawking-Page transition. We provide the phase diagram
in Figure 3.
Now one can ask what physical quantity or order parameter distinguishes these two
phases in the dual field theory. One appropriate quantity is the entanglement entropy [30].
In the next section, we study the holographic entanglement entropy(HEE) in the confining
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phase. The entanglement entropy of the confining phase shows very different behavior from
that of the deconfinement phase. See Figure 6 (a) for an example. As one can see the
difference in the figure, a critical length scale appears and characterizes the entanglement
entropy of the confining phase. It would be of importance to understand the confining
mechanism via this critical length.
Black Brane Phase
AdS Soliton Phase
(a)
Figure 3: The phase diagram of the gravity model: The AdS Q-solitons(Confining
Phase) have smaller free energies than the Q- lattice black branes(Deconfinement Phase) at
the same m0/Λ0 and k/Λ0 below T = Λ0.
As a final discussion of this section, let us see how the gravity solutions are related to
the ImABJM models [14]. In this work we have focused on a special case with the mass
function m(x) = m0 sin kx. At zero temperature a dual supergravity solution is, so-called,
Susy Q solution studied in [12]. Such a supersymmetric configuration is obtained by the
Q-lattice ansatz fixing the scalar as z = R(r) eikx and taking only diagonal component
of the metric non-vanishing. Our ansatz has been taken to be the similar form of the
Susy Q ansatz. See (3) and (11). Therefore our solutions can be regarded as the finite
temperature version of the dual field theory. In a sense, our gravity solutions cover more
general class of the deformations including non-suprsymmetric deformation because η in
(18) is not equal to 1 in general. Thus the η 6= 1 case corresponds to a relevant deformation
by adding
∫
d3x (m(x)OY + η m′(x)OX + . . .) to the ABJM action, where the dotted line
denotes operator deformations which cannot be protected in the large N limit, while the
η = 1 case is the correct gravity dual corresponding to the supersymmetric deformation
of the ABJM theory with m(x) = m0 sin kx. In order to pick such solutions, we have to
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find numerical solutions satisfying η = 1. Equivalently, this condition can be rewritten as
follows:
jX
jY
= k or
ρ˜2
ρ˜1
= −k˜e−w1(∞), (21)
where the second expression is for the numerical parameter space. We show the numerical
solution line satisfying the above condition in Figure 4. In the next section, we show the
characteristics of the holographic entanglement entropy based on this solution line.
0.0 0.2 0.4 0.6 0.8k˜0.0
0.2
0.4
0.6
0.8
1.0
ρ(1)
(a)
0.0 0.5 1.0 1.5 2.0 2.5 3.0
k/Λ0 or k/T0
2
4
6
8
10
12
14
m0/Λ0 or m0/T
(b)
Figure 4: The solution line dual to the supersymmetric deformation (ImABJM
model with a mass function m0 sin kx): The numerical solution corresponding to the
blue dot in the figures is depicted in Figure 1. Here we took w0(1) = w1(1) = 10
−4.
4 HEE Probing Confinement
In the previous section, we have investigated the phase diagram for the dual geometry with a
complex scalar hair. Now we explore the confinement phenomena through the entanglement
entropy. In order to do this, we rely on the calculation of the HEE [36,37] and the discussion
on the confinement phenomenon based on [30]. See also [28]. In particular, as we mentioned,
we focus on the AdS Q-solitons of the supersymmetrically deformed case depicted in Figure
4.
4.1 HEE for the (dis)connected minimal surface
We start with the AdS Q-soliton geometry (11),
ds2 = − r
2
L2
dt2 +
r2
L2
e2W˜1(r)dx2 +
U(r)
L2
e2W˜0(r)dχ2 +
L2dr2
U(r)
, (22)
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where we define W˜i(r) ≡ Wi(r)−Wi(∞) with i = 0, 1. Under the mapping XM = XM(σi)
with coordinates σi’s (i = 1, 2) on the codimention 2 hypersruface at a constant time slice,
x = σ1 , r = r(σ1) , χ = σ2 . (23)
We obtain the induced metric hij = GMN
∂XM∂XN
∂σi∂σj
as
h11 =
r2
L2
e2W˜1(r) +
L2
U(r)
r′2 , h22 =
U(r)
L2
e2W˜0(r) , (24)
where r′ ≡ dr
dx
in this section. Then the area of the codimension 2 hypersurface subject to
the entangling region of length l in the x-direction, while spanning whole S1 circle of the
χ-direction, on the AdS boundary is given by
γA =
∫
d2σ
√
dethij = 2χp
∫ l
2
0
dx
√
H(r)
√
1 + β(r)r′2 , (25)
where χp ≡ 4piL2U ′(r0)e−W˜0(r0) denotes the periodicity of the coordinate χ of the S1 circle and
H(r) =
r2U(r)
L4
e2(W˜0(r)+W˜1(r)) , β(r) =
L4
r2U(r)
e−2W˜1(r) =
e2W˜0(r)
H(r)
. (26)
Boundary conditions for the hypersurface at the AdS4 boundary are imposed by
r(x)|x=− l
2
= r(x)|x= l
2
=∞ . (27)
Applying the RT conjecture [36, 37] to (25), we obtain the HEE as
SA ≡ Min(γA)
4G
=
χP
2G
∫ l
2
0
dxLA , (28)
where G is the four-dimensional gravitational constant and the Lagrangian LA is defined as
LA ≡
√
H(r)
√
1 + β(r)r′2 . (29)
The Hamiltonian density of (29), which is a constant, is given by
HA = − H(r)√
1 + β(r)r′2
= −
√
H∗ = constant , (30)
where r∗ ≡ r(0) denotes the location of the tip of the minimal surface and H∗ ≡ H(r∗)
using the fact r′(0) = 0. From (30), we obtain the equation of motion for r(x) as,
r′(r) =
1√
β(r)
√
H(r)
H∗
− 1 . (31)
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Then the entangling length l is given by
l(r∗) = 2
√
H∗
∫ ∞
r∗
dr
√
β(r)√
H(r)−H∗
. (32)
Here we note that the relation (32), which was obtained from (31), is satisfied for the range
r∗ > r0.6 Therefore, for the r∗ > r0 case, the equation (31) is well-defined over the whole
region of r ≥ r∗, and so the solution describes the connected minimal surface. Plugging (31)
into (28) for r∗ > r0, we obtain the HEE for the connected minimal surface,
S
(con)
A =
χp
2GN
∫ r∞
r∗
dr
H(r)
√
β(r)√
H(r)−H∗
, (33)
where we introduce r∞ representing the UV cutoff in the asymptotic limit. On the other
hand, for the case r∗ = r0, r′(r) → ∞ with r > r∗ and r′(r)r=r∗ is not well-defined.
This indicates that the corresponding minimal surface is disconnected. The HEE for the
disconnected one becomes
S
(discon)
A =
χp
2GN
∫ r∞
r0
dr
√
β(r)H(r) . (34)
4.2 Confinement for supersymmetric deformation
As we will confirm in this subsection, the AdS Q-solitons show a certain confining behavior
studied in [30]. This behavior can be shown by evaluating the HEE. The HEE of the AdS
Q-solitons in terms of the entangling length l shows quite different curves from those of
the Q-lattice black branes. Also the curves are not smooth and each curve has a scale lcrit
showing a border between connected and disconnected minimal surfaces. A result with a
specific lcrit is plotted in Figure 6
7. This subsection is devoted to explaining how one can
obtain the HEE curves for the AdS Q-solitons.
The characteristic behavior of the HEE in the AdS Q-soliton geometry (11) heavily
depends on H(r) in (32). As one can see through the definition of H(r) given in (26), the
behavior of the function H(r) is governed by the metric function U(r) in (11), since the
metric functions e2W˜i(r) (i = 0, 1) are finite and do not show any drastic change over the
range r0 ≤ r. The U(r) starts from zero at the tip (r = r0), monotonically increases as r
increases, and diverges as U(r)→ r2 in the asymptotic region. The function H(r) behaves
in the same manner. See Figure 5. In the r∗ → r0 limit, H∗ approaches zero, and then,
l(r∗)r∗→r0 ≈ 0 due to the overall factor
√
H∗ in (32). On the other hand, in the opposite limit
6 Naturally, r′(r) over the range r < r0 in (31) is always divergent at r∗ = r0.
7 l˜ is defined in (35).
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r∗ → ∞, we have also l(r∗)r∗→∞ ≈ 0 due to the short integration range in the right-hand
side of (32). In the intermediate region r0 < r∗ <∞, however, l(r∗) should have some finite
positive value. For this reason, one can argue that there should be a maximum value of l
denoted as lmax. See Figure 5. The existence of lmax implies that a regular solution satisfying
(31), which is known as the connected solution, cannot cover the case with l > lmax. In this
latter case, only singular solution is possible, which is known as the disconnected solution
having a singular behavior with r′|l>lmax = ∞. As we argued earlier, this disconnected one
is obtained by choosing r∗ = r0 in (31)8.
This means that there are two values of HEE for the connected and disconnected ones,
satisfying the boundary condition (27). Comparing these two values, one has to choose the
smaller value of the HEEs for a given l. By increasing the size l, it seems that there exist
a critical value of l = lcrit, where a kind of first order phase transition occurs between the
connected and disconnected surfaces. This is the signal for the confinement-deconfinement
phase transition in the dual quantum field theory [30].
2 4 6 8 10
r˜ *
20
40
60
80
100
H˜
(a)
ℓ˜ max
1.0 1.2 1.4 1.6 1.8 2.0
r˜ *
0.2
0.4
0.6
0.8
1.0
ℓ˜
(b)
Figure 5: H˜(r˜∗) and l˜(r˜∗) for a connected surface : Here the dimensionless quantities
are defined in (35).
We confirm this characteristic behavior for the AdS Q-soliton geometry (11) by com-
puting HEE numerically. To do that, we rescale coordinates and functions in terms of
dimensionful parameters and define dimensionless quantities for numerical works. As we
did in previous sections, we rescale those as
r = r0r˜ , y =
L2
r0
y˜ , l(r∗) =
L2
r0
l˜(r˜∗) , U(r) = r20u(r˜) ,
8In fact, the minimal surface for the disconnected case is given by x = const. So the corresponding
surface is x = ±l/2 which clarifies the adjective “disconnected”.
13
W0(r) = w0(r˜) , W1(r) = w1(r˜) , H(r) =
r40
L4
H˜(r˜) , β(r) =
L4
r40
β˜(r˜) , (35)
where
l˜(r˜∗) = 2
√
H˜∗
∫ ∞
r˜∗
dr˜
√
β˜(r˜)√
H˜(r˜)− H˜∗
,
H˜(r˜) = r˜2u(r˜)e2(w˜0(r˜)+w˜1(r˜)) ,
β˜(r˜) =
e2w˜0(r˜)
H˜(r˜)
(36)
with w˜i(r˜) = wi(r˜)− wi(∞).
0.2 0.4 0.6 0.8 1.0
ℓ˜
-2.5-2.0
-1.5-1.0
-0.50.0
0.5
ΔSA
(a)
ℓ˜ crit ℓ˜ max
0.6 0.7 0.8 0.9
ℓ˜
-1.0-0.8
-0.6-0.4
-0.2
0.2
0.4
ΔSA
(b)
Figure 6: HEEs for an AdS Q-Soliton and a Q-lattice black brane: These figures
depict HEE curves in the background geometry corresponding to the blue dot in Figure 4.
The black solid line in (a) shows the entanglement entropy curve for the Q-lattice black
brane, where the values were subtracted by S
(discon)
A . The blue and red solid lines show the
entanglement entropy for the AdS Q-soliton. One can notice that there is a drastic change
at l˜ = l˜crit. The figure (b) is the enlarged view of the rectangle in (a). The blue lines show
the HEE given by the connected surface and the red lines are obtained by the disconnected
surface.
Now, we are ready to find the difference of HEEs for the connected and disconnected
solutions. Since the divergent behaviors of S
(con)
A and S
(discon)
A are the same in the r˜∞ →∞
limit, their difference ∆SA is well-defined and finite. Plugging the relations into (33) and
(34), we obtain
∆SA ≡ S(con)A − S(discon)A =
χ˜p
2GN
∫ r˜∞
r˜∗
dr˜ew˜0(r˜)
 1√
1− H˜∗
H˜(r˜)
− 1
− ∫ r˜∗
1
dr˜ew˜0(r˜)
 , (37)
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where χ˜p =
4piL2
u′(1) e
w˜0(1) with u′(1) = U
′(r0)
r0
. As one can see in Figure 6, ∆SA(l˜) < 0 for
l˜ < l˜crit, i.e., S
(con)
A is smaller than S
(discon)
A . Therefore, the HEE in this range of l˜ becomes
S
(con)
A . On the other hand, in the range l˜ > l˜crit, the HEE becomes S
(discon)
A . The solid line
of Figure 6 shows an entanglement entropy curve for the confining phase. As we discussed
previously, A drastic change of HEE looking like a first order phase transition occurs under
varying the entanglement length l near lcrit. The numerical work for the AdS Q-soliton
(11) indicates that the phase transition near lcrit is qualitatively similar to the one for the
confinement phenomenon discussed in [30]. As we mentioned before, one can notice that
this feature doesn’t appear in the black branes. See the black solid line for the Q-lattice
black brane corresponding to the blue dot in the Figure 6 (a).
4.3 Characteristic length lcrit in the parameter space of m0 and k
So far, via the HEE study in the AdS Q-solitons, we have shown that the entanglement
entropy curve seems to indicate a first order phase transition related to the confinement-
deconfinement phase transition. It would be interesting to investigate such a phenomenon
in the backgrounds corresponding to the N = 3 ImABJM model with the mass function
m(x) = m0 sin kx. To do that, we pick the solutions of the supersymmetric deformation up
by choosing η = 1. This set of solutions was already obtained in the Figure 4. By using
these solutions, we would like to expose how the confinement phenomenon can be affected
by the modulation effect.
0.01 0.10 10 100 1000
m0
k
0.05
0.10
0.15
0.20
Λ0lcrit
(a)
Figure 7: Characteristic length for AdS Q-solitons: This result is based on the set of
solutions (The red solid line in Figure 4) corresponding to the supersymmetric deformation.
In order to show the modulation effect, we consider the critical length lcrit showing the
strength of confinement. The critical length decreases as the period χp of the AdS soliton
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decreases. In this limit the AdS soliton becomes more and more different from the black
brane or the pure AdS space. Thus it is legitimate to argue that the small critical length
indicates the enhancement of the confinement and vice versa. We find the behavior of lcritΛ0
to fix the confining scale and present the result in terms of another dimensionless parameter
m0
k
, which represents the ratio between the amplitude and modulation of the inhomogeneity
in the mass function. The result using the data of the solution line in Figure 4 is given in
Figure 7. Interestingly, there exists the minimum characteristic length of the confinement
at a specific ratio of m0 and k, though the characteristic length approaches constant values
in the limits of m0  k and m0  k. Both limits actually correspond to the pure AdS
soliton and the hairy AdS soltion without modulation for finite k, respectively. Therefore
the existence of minimum lcrit in the intermediate region tells us that the modulation effect
enhances the confinement. It deserves to investigate the nature of this phenomenon in more
detail, which is beyond the scope of this paper.
5 Discussion
In this paper, we started with the action (2) and employed the Q-lattice ansatz to obtain new
background solutions. The black branes with a complex scalar hair and the AdS Q-solitons
were obtained as the background solutions. These geometries could be dual to a deformed
ABJM theory by
∫
d3x ( η m′(x)OX +m(x)OY + . . . ) in the finite temperature. We found
the regular solutions using a numerical method and identified the various physical quantities
in terms of numerical parameters. The Q-lattice black branes describe the deconfinement
phase of the dual field theory, while the AdS Q-solitons are regarded as gravity duals of
the confining phase. These two phases constitute the phase diagram by comparing the
free energies of both geometries. It was shown that the AdS Q-soliton is preferable in the
low temperature and the Q-lattice black branes dominate in the high temperature region.
It would be interesting to study the thermodynamics of the Q-lattice black branes. In
fact, the corresponding black brane thermodynamics is rich and contains nontirival physical
implication. We leave it as our next work and it will be reported soon [26].
The numerical solutions of various background geometries allow various η’s. When η = 1,
the solution is believed to be the gravity dual to the N = 3 ImABJM model with the mass
function given by m(x) = m0 sin kx. Thus our work is the first study on this ImABJM
model in the finite temperature regime.
We have studied the HEE in our background solutions. The figure 6 shows the entangle-
ment entropy curves for certain Q-lattice black brane and AdS Q-soliton as a representative
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case. The behaviors of those two curves are quite different. Also the AdS Q-soliton has a
characteristic length scale which may be important to figure out the confining phase of the
ImABJM theory. We have also studied the modulation effect on the characteristic length
lcrit. We conclude that the modulation enhances the confinement. In addition, we notice
that there exists a special value of the critical length lcrit in the limit m0  k in Figure
7. This phenomenon may indicate a possibility that the N = 6 mABJM theory with a
constant mass parameter has the confinement-deconfinement phase transition at a certain
low energy scale. It is desirable to clarify this possibility as a future direction.
It would be very interesting to find solutions beyond the Q-lattice ansatz, though ex-
pected to be difficult in the numerical analysis. We leave the problem as a future work. In
addition higher dimensional supergravity models are interesting in applying our approach
and it also deserves to try the different types of the entangling regions such as a circular
entangling surface. The physical implication of the characteristic length in the dual field
theory would be clarified in the near future.
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Appdendix
A. Holographic Renormalization
In [12], the authors introduced the finite actions as follows:
Stot = SB + 1
8piG
∫
∂M
d3x
√−γ K + Sct + SL , (38)
where SB is given in (2) and K is the Gibbons-Hawking therm, which is defined by K =
γµνKµν and Kµν =
1
2N
γ′µν . The induced metric γµν is based on the following ADM decom-
position:
ds2 = N(r)2dr2 + γµνdx
µdxν , (39)
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where the boundary coordinates xµ’s are normalized to have ηµν as the boundary metric.
Sct and SL are given as follows
SB = 1
16piG
∫
drd3x
√−gLbulk , (40)
Sct = − 4
16piGL
∫
d3x
√−γ
(
1 +
1
2
|z|2
)
, (41)
SL = 4
16piGL
∫
d3x
√−γ (rX∂rX + X 2) , (42)
Here the X is the real part of the complex scalar field, which is dual to the dimension one
operator. The complex field z is given by
z = X + iY = R(r) cos kx+ iR(r) sin kx . (43)
More explicitly we have the relations,
Sct + SL = 1
16piGL
∫
d3x
√−γ (−4− 2Y2 − 2X 2 + 4rX∂rX + 4X 2) . (44)
The VEVs of the operators for black branes are given by
〈OX 〉 = lim
r→∞
1
16piG
L4
r2
(
−√−g 4
1− |z|2∇
rX + 4
L
√−γ (r∂rX + X )
)
=
4ρ˜1
16piG
rh cos kx , (45)
〈OY〉 = lim
r→∞
1
16piG
L2
r
(
−√−g 4
1− |z|2∇
rY − 4
L
√−γY
)
=
4ρ˜2
16piGL2
r2h sin kx . (46)
Replacing rh with r0, the above expressions in (45) and (46) are still valid for AdS solitons.
In addition, the boundary energy momentum tensor can be evaluated as
〈T µν〉 = lim
r→∞
2
16piG
r5
L5
(
−Kµν +Kγµν + 1
2L
γµν
(−4− 2|z|2 + 4rX∂rX + 4X 2)) . (47)
Then it turns out that components of the boundary energy momentum tensor for black
branes are given by
〈T tt〉 = r3h
16piGL4
(2m˜+ 6w˜1,3 + 8ρ˜1ρ˜2 − 4ρ˜1ρ˜2 sin2 kx) , (48)
〈T xx〉 = r
3
h
16piGL4
(m˜ + 6w˜1,3 + 4ρ˜1ρ˜2 sin
2 kx) , (49)
〈T yy〉 = r
3
h
16piGL4
(m˜ + 4ρ˜1ρ˜2 sin
2 kx) . (50)
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On the other hand, the AdS soliton background has dual energy-momentum tensor as fol-
lows: 〈T tt〉 = r30
16piGL4
(−m˜ − 4ρ˜1ρ˜2 sin2 kx) , (51)
〈T xx〉 = r
3
0
16piGL4
(m˜ + 6w˜1,3 + 4ρ˜1ρ˜2 sin
2 kx) , (52)
〈T χχ〉 = r
3
h
16piGL4
(−2m˜− 6w˜1,3 − 8ρ˜1ρ˜2 + 4ρ˜1ρ˜2 sin2 kx) . (53)
Now let us consider Euclidean on-shell action, which can be obtained by analytic con-
tinuation of the total action Stot in (40). In order to get the on-shell action, it is useful to
consider the following expression for the bulk part of the on-shell action:
√−gLbulk = −
(
2rU(r)
L4
eW0(r)−W0(∞)+W1(r)−W1(∞)
)′
, (54)
where we have used the equations of motion. Together with boundary counter terms in
(44), one can see that the Euclidean on-shell action for black branes is given by
Son−shell = r
3
h
16piGL4
∫ β
0
dτE
∫
d2x
(−m˜− 4ρ˜1ρ˜2 sin2 kx)
= lim
Lx→∞
r3hLx
16piGL4
∫ β
0
dτE
∫
dy (−m˜− 2ρ˜1ρ˜2) . (55)
For the AdS soliton, one can also use this expression by replacing rh with r0.
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